Spectrum of elementary string states in type II string theory contains ultra-short multiplets that are marginally stable. U-duality transformation converts these states into bound states at threshold of p-branes carrying Ramond-Ramond charges, and wrapped around p-cycles of a torus. We propose a test for the existence of these marginally stable bound states. Using the recent results of Polchinski and of Witten, we argue that the spectrum of bound states of p-branes is in agreement with the prediction of U-duality.
The spectrum of type IIA or IIB string theory compactified on a torus contains single particle states in the ultra-short (256 dimensional) multiplet. These states are characterized by the following two properties: (1) the left and the right moving charges carried by these states are equal in magnitude, and (2) both, the left and the right moving oscillators are in their ground state. All such states come with unit multiplicity, i.e. for a given set of charge quantum numbers satisfying the property (1) above, there is only one ultra-short multiplet. Some of these states are marginally stable, i.e. it is energetically possible for these states to decay into two or more single particle states at rest [1] . This happens if the electric charge vector, represented by an element of the charge lattice, is an integral multiple of another vector in the lattice. Examples of such states are 1) the ground state of a string wrapped m times around one of the cycles on the torus, 2) the Kaluza-Klein modes of the massless states of the ten dimensional theory carrying m units of momentum along one of the compact directions, etc.
Consider now the type II theory compactified on a p dimensional torus T p . We shall choose p to be odd for the type IIB theory and even for the type IIA theory, for reasons that will become clear soon. In this case we can consider a supersymmetric soliton solution of the theory that corresponds to a p-brane carrying Ramond-Ramond (RR) charge [2] (which exists in the IIA theory for even p and in the IIB theory for odd p) wrapped m-times around the p-cycle of the torus. For definiteness we shall choose x µ for (10 − p) ≤ µ ≤ 9 to be the compact directions. If we denote by A (p+1) µ 1 ···µ p+1 the (p + 1)-form gauge field arising in the RR sector, then the p-brane described above is charged under the (10 − p) dimensional gauge field A (p+1) (10−p)···89μ where xμ denotes one of the non-compact directions (0 ≤μ ≤ (9 − p)). In fact, this solution carries m units of A (p+1) (10−p)···89μ charge. We shall denote by Q (p+1) the charge associated with the field A (p+1) (10−p)···89μ , normalized so that Q (p+1) is always an integer. The question that we shall be interested in is: 'Are there any ultra-short multiplets in the sector Q (p+1) = m; and if so, how many of them are present for a given value of m?'
A prediction for the degeneracy of these states is given by the general U-duality conjecture of Hull and Townsend [3] . It can be easily seen that by combining the Tduality transformations (which sometimes convert a type IIB theory to a type IIA theory and vice versa) with the SL(2,Z) symmetry of the ten dimensional type IIB theory, we can transform the field A (p+1) (10−p)···89μ to B 9μ , where B µν denotes the rank two anti-symmetric tensor field arising in the NS-NS sector.
3 Since B 9μ couples to the winding number of the fundamental string in the 9th direction, we see that the duality transformation discussed above transforms a state of Q (p+1) = m to a state of the fundamental string winding m times around the 9th direction. Since we already know that a fundamental string winding m times around x 9 has in its spectrum an ultra-short multiplet, there must also be an ultra-short multiplet with Q (p+1) = m if U-duality is a valid symmetry of string theory. In future we shall refer to ultra-short multiplets as BPS states.
The BPS states with Q (p+1) = m can be thought of as representing bound states of m elementary p-branes, each wrapped only once around the p-cycle. Studying the existence of these bound states is made difficult by the fact that they have zero binding energy. In other words there is no energy barrier against pulling the m p-branes away 
µν is the rank two anti-symmetric tensor field in the IIB theory arising in the RR sector. With the help of the conjectured SL(2,Z) symmetry transformation in the ten dimensional type IIB string theory, we can convert B from each other. A related problem is that since these states have exactly the same energy as m BPS states − each with Q (p+1) = 1 − at rest, it is difficult to separate this single particle state from the continuum. 4 For these reasons we shall adopt an indirect approach for studying the existence of these bound states.
Suppose an ultra-short multiplet carrying Q (p+1) = m does exist in the (10 − p) dimensional theory obtained by compactifying the type II theory on T p . Let us now compactify one more direction (which we shall take to be the direction x 1 for definiteness) on a circle of radius R. Then the original ultra-short multiplet will give rise to an infinite number of ultra-short multiplets in this (9 − p) dimensional theory, − one for each value of the internal momentum along the x 1 direction. Let us denote by P 1 the internal momentum along x 1 , normalized so that it is always an integer, and focus on a state with P 1 = n, where n is any arbitrary integer. If we choose n in such a way that n and m are relatively prime, then the ultra-short multiplet in the (Q (p+1) = m, P 1 = n) sector becomes absolutely stable, even though the original ultra-short multiplet in the (10 − p) dimensional theory was only marginally stable. Thus one of the consequences of the existence of marginally stable ultra-short multiplets in (10 − p) dimensional theory, carrying Q (p+1) charge m, is that in the (9 − p) dimensional theory there must exist absolutely stable ultra-short multiplets with Q (p+1) = m, and P 1 = n, for every integer n for which (m, n) are relatively prime. The existence of the latter states will be much easier to verify. In fact, these states can be mapped to the winding modes of the (m, n) string discussed in refs. [5, 6] via T -duality transformation. Consider for example the T -duality transformation that inverts the radii of all the p + 1 circles labelled by
1μ . Thus the (Q (p+1) = m, P 1 = n) state is mapped to an (m, n) string wrapped around the x 1 direction. The existence of (m, n) strings for relatively prime m, n has already been shown in ref. [6] ; this then guarantees the existence of (Q (p+1) = m, P 1 = n) states. We shall now see explicitly how it works.
It has recently been shown by Polchinski [7] that there is an exact conformal field theory description of a p-brane carrying RR charges. This is given by a Dirichlet brane, − a p dimensional hypersurface such that open strings satisfy Dirichlet boundary conditions for coordinates transverse to the hypersurface, and Neumann boundary condition for coordinates tangential to the hypersurface. Let us apply this to the case of a static pbrane wrapped once around a p-torus labelled by the coordinates x µ for (10 − p) ≤ µ ≤ 9, situated at the point x µ = a µ for 1 ≤ µ ≤ (9 − p). The open strings then satisfy the boundary condition:
where σ denotes the coordinate along the length of the string. If we further compactify the coordinate x 1 along a circle of radius R, then the open string boundary condition on X 1 will be modified to,
The generalization to the case of multiple p-branes is straightforward. If We 
where 1 ≤ i ≤ m. y 1 is a compact coordinate with radius R −1 , whereas y µ for (10 − p) ≤ µ ≤ 9 are compact coordinates labelling the original torus T p . The rest of the y µ are non-compact. 5 This conformal field theory represents m (p + 1)-branes, each wrapped around the p + 1 torus T p+1 labelled by the coordinates y 1 , and y µ for (10 − p) ≤ µ ≤ 9. We want to look for BPS states of this system which carry n units of winding number along the y 1 direction. For this we need to know the dynamics of collective coordinates of this system. This has been given recently in a beautiful paper by Witten [6] where he shows that the low energy dynamics of this system is described by a supersymmetric U(m) gauge theory in (p + 2) dimensions, obtained by dimensional reduction of the N = 1 supersymmetric U(m) gauge theory in 10 dimensions. The base manifold here is R ×T p+1 where R is labelled by the time coordinate y 0 , and T p+1 by the coordinates y 1 and y µ ((10 −p) ≤ µ ≤ 9). Furthermore a state carrying n units of winding along the y 1 direction corresponds to a state in this U(m) gauge theory characterized by n units of U(1) electric flux along the y 1 direction. (This in turn implies that there is also SU(m) electric flux along the y 1 direction in the representation corresponding to the anti-symmetric product of n fundamental representations.)
Since we are interested in only the BPS states of the system, and in only those states that do not carry any quantum numbers representing momentum and winding in the directions y µ for (10 − p) ≤ µ ≤ 9, we can ignore fluctuations in the fields that depend non-trivially on any of these directions. In other words, for our purpose we can consider dimensional reduction of the (p+2) dimensional theory to a two dimensional theory labelled by the coordinates y 0 and y 1 . This corresponds to N = 8 supersymmetric U(m) gauge theory in 1+1 dimensions, and is precisely the theory that has been analyzed in ref. [6] . (3), but they will reappear as components of the gauge field along the y 1 direction when we take into account the collective coordinates of this solution. 6 Although it seems that the theory we have obtained this way is independent of p, there is, in fact, a subtle dependence on p. The theory has eight matrix valued scalar fields in the adjoint representation of U (m). p of these fields come from the internal components of the gauge fields in the p + 2 dimensional theory. It was shown in ref. [9] that some of the directions in the field space (corresponding to the internal components of the gauge fields) need to be periodically identified. This introduces a dependence of the theory on p. Since we are interested only in the question of existence of supersymmetric ground states in the theory, and since the supersymmetric ground states of the theory found in ref. [6] are well localized in the field space, we expect that the extra periodic identification in the field space will not destroy the supersymmetric ground states found in [6] .
Following [6] we see that the problem of proving the existence of the required bound state reduces to the problem of proving the existence of a supersymmetric ground state in the N=8 supersymmetric SU(m) gauge theory in two dimensions, in the sector that carries an electric flux along the space direction y 1 (which in this case is compact) in the representation corresponding to anti-symmetric product of n fundamental representations of SU(m). It has already been argued in ref. [6] that such states do exist for every pair of integers (m, n) which are relatively prime. This in turn establishes the existence of the p-brane bound states in the (9 − p) dimensional string theory, carrying m units of Q (p+1) charge, and n units of momentum along the x 1 direction, for every pair of relatively prime integers (m, n).
As has been argued before, this is a necessary condition for the existence of a marginally stable p-brane bound state in (10 − p) dimensions, carrying m units of Q (p+1) charge. One might ask if it is possible to see these bound states by working directly in the (10 − p) dimensional theory. In this case, there is no need to compactify the x 1 coordinate, and we can work directly with the Dirichlet p-brane described in eq.(1). The low energy dynamics of m such p-branes is given, according to ref. [6] , by a supersymmetric U(m) gauge theory in p + 1 dimensions, obtained by dimensional reduction of the N = 1 supersymmetric U(m) gauge theory in 9+1 dimensions. The base space of this p + 1 dimensional theory is T p × R, labelled by the space coordinates x µ for (10 − p) ≤ µ ≤ 9, and the time coordinate x 0 . As in ref. [6] , the U(1) part of the U(m) theory is responsible for describing the overall center of mass motion of the state, as well as for producing the 256 fold degeneracy that is appropriate for an ultra-short multiplet. Thus the nontrivial information comes from the SU(m) part of the theory, and the problem of counting the number of ultra-short multiplets reduces to the problem of counting the number of supersymmetric ground states of the supersymmetric SU(m) gauge theory on T p × R. In this case since we are interested in states which carry only the charge Q (p+1) , and no other winding or momenta in any of the internal directions, the sector of the supersymmetric gauge theory that we need to analyze does not carry any background SU(m) electric field. As a result, for studying supersymmetric ground states of the theory we can ignore fluctuations in the fields that depend on any of the p compact coordinates and consider dimensional reduction of the theory to (0+1) dimensions. Thus the problem under consideration reduces to a supersymmetric quantum mechanics problem obtained by dimensionally reducing the N = 1 supersymmetric Yang-Mills theory from (9+1) dimensions to (0+1) dimension. The number of normalizable supersymmetric ground states of this system will be in one to one correspondence with the number of ultrashort multiplets in the type II theory on T p carrying Q (p+1) charge m. Since U-duality predicts that the latter number is one, we arrive at the following conclusion: The quantum mechanical system, obtained by dimensional reduction of the N = 1 super Yang-Mills theory with gauge group SU(m) from (9+1) dimension to (0+1) dimension, should have a unique normalizable supersymmetric ground state.
Explicit verification of this prediction is made complicated by the fact that there is no energy barrier that prevents a zero energy state from spreading out to infinity. As a result, even if a normalizable super-symmetric ground state exists, it will only decay according to a power law, and not exponentially for large separation. Note again that a subtle dependence on p arises from the fact that for non-zero p some of the directions in the space of scalar fields need to be periodically identified.
For p = 0, the marginally stable states that we are looking for correspond to point like states in 10 dimensional type IIA string theory, carrying m units of A µ ≡ A (1) µ charge [6] . The existence of these states is essential for establishing that the strong cou-pling limit of the type IIA theory in ten dimensions is described by the 11-dimensional supergravity theory compactified on a circle of large radius [10] .
It should be possible to carry out a similar analysis for more general compactification of the type II theory, on K3 surfaces or on Calabi-Yau 3-folds. The expected degeneracy of ultra-short multiplets for compactification of the type IIA / IIB theory on K3 surfaces may be worked out in some cases using the string-string duality conjecture [3] / the SL(2,Z) symmetry of the ten dimensional type IIB theory. For example, if we consider a two-brane wrapped m times around a two cycle of K3 that does not self intersect, then the BPS states in this sector will be mapped to the BPS states in the heterotic string theory with Q 2 L = Q 2 R (N L = 1). In this case we expect 24 (16-dimensional) BPS super-multiplets for every integer m. For two branes wrapped around two cycles which self-intersect, the answer will be more complicated. For compactification on Calabi-Yau 3-folds, one can get information about the expected degeneracy of the short multiplets by either requiring consistent resolution of the conifold singularity [11] or by using string-string duality conjecture [12] . It will be interesting to see if one can explicitly verify some of these predictions.
I wish to thank J. Schwarz for useful correspondence.
